We investigate a model of a corporation which faces constant liability payments and which can choose a production/business policy from an available set of control policies with di erent expected pro ts and risks. The objective is to maximize the expected present value of the total dividend distributions. The main purpose of this paper is to deal with the impact of constraints on business activities such as inability to completely eliminate risk (even at the expense of reducing the potential pro t to zero) or when such a risk cannot exceed a certain level. We analyze the case in which there is no restriction on the dividend pay-out rates. By delicate analysis on the corresponding HamiltonJacobi-Bellman equation we compute explicitly the optimal return function and determine the optimal policy.
Introduction
Recently there has been an upsurge of interest in di usion models for optimal dividend optimization/risk control techniques (see Jeanblanc Piqu e and Shiryaev 10], Asmussen and Taksar risk from its business activities, it also faces a decrease in its potential pro t. In other words, di erent business activities in this model correspond to changing simultaneously the drift and the di usion coe cients of the underlying process. This sets a scene for an optimal stochastic control model where the controls a ect not only the drift, but also the di usion part of the dynamic of the system. Another important consideration in this paper is dividend distribution. Dividends are paid from the liquid reserve of the company and distributed to the shareholders. In the control model the dividend distribution plan is represented by an increasing functional, C(t), whose meaning is the cumulative amount of dividends paid out up to time t. In this paper the dividend pay-out rate is unbounded, leading to a singular control model. The risk control/dividend distribution policy determines uniquely the dynamics of the liquid reserve. The company is bankrupt when its liquid assets vanish. The objective is to nd the policy which maximizes the expected cumulative discount dividend pay-outs up to the time of the bankruptcy. Insurance is one of the natural areas where those models become widely applied. The risk control in insurance takes on a natural form of reinsurance. Speci cally, if at any xed time both the drift and di usion coe cients of the controlled stochastic process are multiples of one and the same control parameter a; 0 a 1, then this would be the limiting case of the so-called proportional reinsurance, which is employed by a cedent in order to reduce the insurance risks. Other types of reinsurance schemes result in di erent types of drift/di usion control models (see, e.g., 1], 14]).
In this paper we consider a company whose business activities are modeled by a control process a t ; t 0, which takes on values in the interval ; ], 0 < < < +1 with risk and potential pro t at any time t proportional to a t . The restriction > 0 re ects the fact that there are institutional or statutory reasons (e.g., the company is public) that its business activities cannot be reduced to zero, unless the company faces bankruptcy. In addition in our model the company has a constant rate of liability payments, such as mortgage payments on its property or amortization of bonds. In the case of an insurance company, when the control parameter a t lies within 0; 1] this problem was considered by Taksar and Zhou 15] . In this regard, the model treated in 15] can be viewed as a limiting case of ! 0+ and = 1.
The paper is structured as follows. In the next section we give a rigorous mathematical formulation of the problem and obtain some preliminary results. In Section 3 we analyze the case without liability, which is interesting in its own right. In Section 4 we extend the results to the case of a constant liability payments. Section 5 is devoted to the construction of optimal policies based on the results of the preceding sections. The last section is devoted to economic interpretation of the obtained results.
Mathematical model
We start with a ltered probability space ( ; F; F t ; P ) and a one-dimensional standard Brownian motion W t (with W 0 = 0) on it, adapted to the ltration F t . We denote by R t the reserve of the company at time t under a control policy = (a t ; C t ; t 0) (to be speci ed below). The dynamic of the reserve process R t is described by dR t = (a t ? )dt + a t dW t ? dC t ;
(2.1) with initial condition R 0 = x; (2.2) where is the expected pro t per unit time (pro t rate) and is the volatility rate of the reserve process (in the absence of any risk control), represents the amount of money the company has to pay per unit time (the debt rate) irrespective of what business activities it chooses, and x is the initial reserve.
The control in this model is described by a pair of F t -adapted processes = (a t ; C t ; t 0). A control = (a t ; C t ; t 0) is admissible if a t , 8t 0, and C t is a non-decreasing, right continuous process, where 0 < < < +1 are given scalars. We denote the set of all admissible controls by A. The control component a t represents one of the possible business activities available for the company at time t, and the component C t corresponds to the total amount of dividends paid out by the company up to time t. Given a control policy , the time of bankruptcy is de ned as = infft 0 : R t = 0g: (2. 3)
The performance functional associated with each control is
where > 0 is an a priori given discount factor (used in calculating the present value of the future dividends), and the subscript x denotes the initial state x. The objective is to nd
and the optimal policy such that J x ( ) = v(x): (2.6) The exogenous parameters of the problem are ; ; ; ; and . The aim of this paper is to obtain the optimal return function v and the optimal policy explicitly in terms of these parameters. A few remarks on the control component a t are in order. The way this quantity enters into the dynamics (2.1) clearly shows that it reduces or increases the risk simultaneously reducing or increasing the expected pro t rate at the same scale. In other words, the di usion coe cient of the dynamic system (2.1) depends on the control component a t . In 15], the problem is formulated in the context of an insurance company where 1 ?a t signi es the reinsurance fraction and the constraint 0 a t 1 is imposed which is a limiting case of ! 0+ and = 1 (note that while in our analysis below we require > 0, the solution we obtain does have a limit when ! 0+ and this limit coincides with the solution in 15]. In this sense the model in 15] is indeed a special case of the model presented here). It is certainly meaningful to relax this constraint to one with any arbitrary upper and lower bounds. Thus for the insurance company case > 1 would mean that the company can take an extra insurance business from other companies (that is act as a reinsurer for other cedents). Moreover, our formulation can model risk control problems for companies other than insurance ones. On the other hand, the two general bounds and add a new, nontrivial feature to this model, as will be evident in the sequel. The main tools for solving the problem are the dynamic programming and Hamilton-Jacobi-Bellman (HJB) equation (see Fleming u t
The idea of solving the original optimization problem is to rst nd a concave, smooth function to the HJB equation (2.8), and then construct a control policy (via solving a Skorohod problem; for details see Section 5) whose performance functional can be shown to coincide with the founded solution to (2.8). Then, the above veri cation theorem establishes the optimality of the constructed control policy.
As a by-product, we have a proof that there is no other concave solution to (2.8) than the optimal return function.
Case of no liability
In this section we study the case where there is no debt liability, namely, = 0. While being part of a more general case, it is interesting in its own right and will provide some valuable insights into the general problem. In this case, the HJB equation reads max max a As mentioned above, the key is to nd a concave, smooth function V satisfying (3.1). While we could have presented such a solution immediately without any explanation (one would need only to check if it does satisfy (3.1), which is a relatively easy task), we believe that it is better to unfold the entire process of nding the solution for the bene t of the readers. Therefore, what we are going to present below is indeed the original process of tracking down the solution. Suppose such a solution, V , to the HJB equation (3.1) is found. Then due to concavity, V 0 is a non-increasing function. Let for all x 2 x 0 ; x 0 + "), the function V satis es (3.2) with the maximum there attained at a = . Therefore However, we have a(x) < for x > x 0 , which after a simple algebraic transformation of (3.11) is equivalent to e (r + ( )?r ? ( ))(x?x 0 ) < 1. This leads to a contradiction. Therefore (3.9) holds.
u t
In view of a(x ) = < and (3.9), we have a(x) < in the right neighborhood of x . Therefore (x; a(x)) = max a (x; a) = 0: (3.12)
. Substituting this expression for V 00 into (3.12), we get ; x x < x ; (3.18) where the free constant V 0 (x ) can be determined by V 0 (x ) = k 1 ( ; )(r + ( )e r + ( )x ? r ? ( )e r ? ( )x ); (3.19) in view of (3.6) and a smooth t at x = x . Straightforward computations show that the function V de ned by (3.6) and (3.18) is continuous with continuous rst and second derivatives at x . So far, we have obtained the forms of V on two intervals, 0; x ) and x ; x ), by (3.6) and (3.18), respectively. Now we proceed to the interval beyond x . To this end, we rst have the following Proof. By virtue of Proposition 3.2, a(x) for all x x . Suppose there exists x 0 > x such that a(x 0 ) < . Then there exists " > 0 such that a(x) < for all x < x 0 + ". Let x = supfx < x 0 : a(x) = g. Then x x < x 0 and a( x) = . In addition a(x) < for all x < x x 0 . Repeating the arguments of Proposition 3.2, we get a(x) = Those results enable us to present the function V in the following form: Therefore lim x!x ; x<x V (x) = 2 V 0 (x ) 1?? = 2 V 0 (x ) = V (x ), which proves the continuity of V at x . These calculations enable us to formulate the main result of this section. 
Remark 4.2 Theorem 4.1 is a mathematical formulation of the intuition that if a company has a
liability rate not smaller than the maximal expected pro t rate, then it is optimal to declare bankruptcy immediately, distributing the whole reserve as the dividend. In the rest of this section we assume > . In view of (2. Following the same scheme as in the no-liability case, we will prove that there exist x
x < x 1 such that a(x) ; 8x x , and a(x) ; 8x x , and the function a(x) increases from to on the interval x ; x ].
As before we start with analyzing a(0). (ii) Suppose 2 < . Then due to (i) we have a(0) . Now we proceed to prove that a(0) 2 < . Suppose a(0) > 2 . Then a(0) > ã. On the other hand, in view of (4.6) we have a(0) = , which is equivalent to 2 .
As it will be seen in the sequel, the structure of the solution to our original optimization problem depends on three cases speci ed by (i), (ii) and (iii) above. Accordingly in the rest of the section we will analyze these three cases.
Case of 2 <
We begin our analysis with an observation that in this case, in view of Proposition 4.3-(i), a(x) < for all x in the right neighborhood of 0. Substituting a = in (4.2) and solving the resulting second-order linear ODE, we obtain V (x) = k 1 ( ; )(e r + ( )x ? e r ? ( )x ); (4.7) where k 1 ( ; ) is a free constant to be determined, and where V (x ) and V 0 (x ) are free constants. Choosing V (x ) and V 0 (x ) as the value and the derivative respectively of the right hand side of (4.7) at x , we can ensure that the function V given by (4. On the other hand, relations (4.9) and (4.7) imply
Simple algebraic transformations yield Proof. Suppose that there exists x 0 > x such that a(x) < . Since x 0 x , we have > a(x) .
Denote x = supfx < x 0 : a(x) = g. Then x x < x 0 , a( x) = , and a(x) < for x < x x 0 .
Thus a(x) satis es (4.12) for x < x x 0 and
This is a contradiction. Put = x ?x 1 . Applying the principle of smooth t at x for V 0 and V 00 , we deduce that is given by (4:25) . Therefore 
Economic Interpretation and Conclusions
The optimal policies obtained in the previous sections have clear economic meaning and are very easy to implement. Let us now elaborate. The optimal risk control policy is characterized by two critical reserve levels: x and x . The values of these two levels are further determined by the three parameters: the minimum risk allowed ( ), the maximum risk allowed ( ), and the ratio between the debt rate and pro t rate ( ). If the company has very little debt compared to the potential pro t (so that 2 ), then both the critical reserve levels, x and x , are positive and nite. In this case, the company will minimize the business activity (i.e., take the minimum risk ) when the reserve is below the level x , then gradually increase the business activity when the reserve is between x and x , and then maximize the business activity (i.e., take the maximum risk ) when the reserve ever reaches or goes beyond the level x . Next, if the company has a higher debt-pro t ratio (so that < 2 < ), then the company has to be a bit more aggressive in the sense that x = 0 and x is positive and nite. In this case, no matter how small the reserve is the company will never take the minimum risk; rather it will start with the risk level 2 and gradually increase to the maximum risk level when the reserve hits the level x and goes above this level. This can be explained by the fact that when the debt rate is high one needs to gamble on the higher potential pro ts in order to get out of the "bankruptcy zone" as fast as possible, even at the expense of assuming higher risk. The company becomes more aggressive when the debt-pro t ratio is even higher (precisely when < 2 ), in which case the maximum allowable risk is taken throughout while the two critical levels x and x are both zero. Finally, when the debt-pro t ratio is so high that the debt-pro t ratio is greater than the maximum risk possible, then the company should declare bankruptcy and go out of business immediately. This is due to the fact that the expected net cash ow is negative in this case, no matter what the company's policy might be. On the other hand, the optimal dividend policy is always of a threshold type with the threshold being equal to x 1 . Namely, the reserve should be kept below the critical level x 1 while distributing any excess as dividends. Moreover, the maximum business activity is always taken before dividend distributions ever take place.
In conclusion, we would like to point out at an intricate interplay between the liability and restrictions on the risk control of a nancial company. The sheer number of qualitatively di erent optimal policies, which appears due to di erent possible relationship between exogenous parameters, shows the multiplicity of di erent economic environments which a nancial company faces depending on the size of the debt and on the size of available business activity.
